We calculate electromagnetic and QCD isospin-breaking corrections to the energy level displacement of the ground state of kaonic hydrogen. Our results, calculated within a quantum field theoretic and relativistic covariant approach, agree well with those obtained by Meißner, Raha and Rusetsky within the non-relativistic effective Lagrangian approach based on Chiral Perturbation Theory by Gasser and Leutwyler.
Introduction
The experimental data on the energy level displacement of the ground state of kaonic hydrogen − ǫ (exp) 1s + i Γ (exp) 1s 2 = (−194 ± 41) + i (125 ± 59) eV, (1.1) obtained by the DEAR Collaboration [1] , has been understood theoretically within the Effective Field Theory (the EFT) approaches [2] - [4] . The analysis of the modern experimental and theoretical status of kaonic atoms in low-energy QCD has been recently outlined by Gasser [5] . The theoretical value for the energy level displacement of the ground state of kaonic hydrogen, calculated in [2, 3] , is equal to (0) = (− 0.482 ± 0.034) + i (0.269 ± 0.032) fm is the S-wave amplitude of K − p scattering at threshold [2] . This result has been obtained within a quantum field theoretic and relativistic covariant model of strong low-energȳ KN interactions near threshold of K − p scattering, based on the dominant role of strange resonances Λ(1405) and Σ(1750) in the s-channel of low-energy elastic and inelastic K − p scattering and the exotic four-quark ( or KK molecules) scalar states a 0 (980) and f 0 (980) in the t-channel of low-energy elastic K − p scattering at the leading order in chiral expansions based on Chiral Perturbation Theory (ChPT) by Gasser and Leutwyler [6] (see also [7, 8] ). We would like to notice that the shift and width (ǫ (0) 1s , Γ (0) 1s ) have been calculated in [2, 3] at the neglect of the corrections caused by the electromagnetic and QCD isospin-breaking interactions.
A systematic analysis of corrections to the energy level displacement of the ground state of kaonic hydrogen, caused by the electromagnetic and QCD isospin-breaking interactions, has been recently carried out by Meißner, Raha and Rusetsky [4] within the nonrelativistic effective Lagrangian approach based on the ChPT by Gasser and Leutwyler [6] . The results are presented in terms of the S-wave scattering lengths a ofKN scattering, calculated in [2, 3] 
Such a contribution has not been taken into account in [2, 3] . In this paper we fill this blank and calculate the contribution of the intermediateK 0 n state, i.e. K − p →K 0 n → K − p, to the energy level displacement of the ground state of kaonic hydrogen within the approach developed in [2, 3] (see also [12] - [15] ) and the corrections caused by the QCD isospin-breaking interaction.
The paper is organized as follows. In Section 2, using the quantum field theoretic approach to exotic atoms developed in [2, 3] and [12] - [15] , we calculate the contribution of the intermediateK 0 n state to the S-wave amplitude of low-energy K − p scattering and to the energy level displacement of the ground state of kaonic hydrogen. We get
The result agrees well with that obtained by Meißner, Raha and Rusetsky [4] . In Section 3 we calculate the corrections to the energy level displacement of the ground state of kaonic hydrogen δ ISB = (δ
) = (0.04 %, − 0.04 %), induced by the QCD isospin-breaking interaction. In the Conclusion we discuss the obtained results.
Energy level displacement induced by the reaction
n pair on-mass shell According to [2] , the energy level displacement of the ground state of kaonic hydrogen is defined by the amplitude of K − p scattering as follows 1) where
is the S-wave amplitude of K − p scattering, Φ † 1s ( k ) and Φ 1s ( q ) are the wave functions of the ground state of kaonic hydrogen in the momentum representation normalized to unity [2, 15] : Φ 1s (p) = 8 πa
2 ; a B = 1/αµ is the Bohr radius equal to a B = 83.6 fm.
The contribution of the intermediateK 0 n state to the energy level displacement of the ground state of kaonic hydrogen with theK 0 n pair on-mass shell can be defined as [3, 12, 13] −δǫK 0 n 1s
1 To be more definite, this is a dispersive correction. The dispersive corrections have been discussed recently by Ericson, Loiseau, and Wycech [9] within the coupled channel K-matrix approach in connection with the extraction of π − p scattering lengths from the experimental data on the energy level displacement of pionic hydrogen. 00 00 00 11 11 11 ...
Feynman diagrams of the amplitude of the reaction K − p →K 0 n taking into account the final-stateK 0 n interaction. 2) where
is the S-wave amplitude of the inelastic reaction K − p →K 0 n. To the imaginary part of the S-wave amplitude of K − p scattering the inelastic channel K − p →K 0 n gives a contribution for relative momenta of the
Hence, the region of the integration over k and q is restricted from below by | k |, | q | ≥ q 0 .
In the non-relativistic limit Eq.(2.2) reads
where fK0 n (Q) is the S-wave amplitude of the reaction K − p →K 0 n near threshold of theK 0 n pair, taking into account the final-stateK 0 n interaction [3] . It is defined by Feynman diagrams depicted in Fig.1 and is equal to
The S-wave amplitude fK0 n (Q) is taken in the zero-range approximation. Such an approximation leads to good agreement with the result obtained by Meißner, Raha and Rusetsky [4] . The contribution of the finite effective range rK N of low-energyKN scattering we discuss in the end of this Section. Substituting Eq.(2.4) into Eq. (2.3), the contribution to the energy level displacement of the ground state of kaonic hydrogen, caused by the intermediateK 0 n state, we obtain in the following form
The integral over Q reads
where we have taken into account that the S-wave scattering length of K − p scattering is negative, i.e. (a 0 0 + a 1 0 ) < 0 [2, 3] . The corrections to the shift and width, δǫK 0 n 1s and δΓK 0 n 1s , are defined by
The contributions to the shift and width, given by Eq.(2.7), are of order O(α) and O(α ℓnα), respectively. According to Meißner, Raha and Rusetsky [4] , the contribution of the intermediatē K 0 n state to the energy level displacement of the ground state of kaonic hydrogen should be calculated to the leading order in the fine-structure constant expansion.
In such an approximation the contributions of the intermediateK 0 n state to the energy level displacement of the ground state of kaonic hydrogen read 8) where Im f
(0) = (0.269 ± 0.032) fm [2] . We remind that
We have also taken into account the theoretical uncertainty of the calculation of the shift of the energy level of the ground state of kaonic hydrogen, which is equal to ± 7 % [2] .
The parameter 2/|a .8), has a meaning of a natural cut-off, caused by theK 0 n final-state interaction in the S-wave scattering K − p →K 0 n. The contribution of the intermediateK 0 n state to the S-wave amplitude of low-energy K − p scattering and, correspondingly, to the energy level displacement of the ground state of kaonic hydrogen, given by Eq.(2.8), agrees well with that obtained by Meißner, Raha and Rusetsky [4] . Now let us discuss the contribution of the finite effective range of low-energyKN scattering. The S-wave amplitude fK0 n (Q) in the finite effective-range approximation reads [16, 17] 9) where rK N is the effective range of low-energyKN scattering. Unfortunately, there are no experimental data on the value of the effective range rK N [16] . However, without loss of generality one can assume that rK N , caused by strong low-energy interactions, is smaller compared with the S-wave scattering length, i.e. rK N ≪ 2/|a The correction to the width of the energy level of the ground state of kaonic hydrogen Eq.(2.8), caused by the intermediateK 0 n state and amended by the contribution of the finite value of the effective range rK N of low-energyKN scattering, reads now
Thus, the contribution of the finite effective range of low-energyKN scattering to the S-wave amplitude of the reaction K − p →K 0 n improves the agreement of our result on the correction to the width with that by Meißner, Raha and Rusetsky [4] . However, due to the inequality rK N ≪ 2/|a 0 0 + a 1 0 | the contribution of the finite effective range is smaller compared with the meanvalue 8 %, calculated in the zero-effective range approximation.
In turn the correction to the shift of the energy level of the ground state of kaonic hydrogen, related to the intermediateK 0 n state, does not practically depend on the contribution of the finite value of the effective range of low-energyKN scattering to the S-wave amplitude of the reaction K − p →K 0 n.
Energy level displacement induced by the QCD isospin-breaking interaction
According to Gasser and Leutwyler [10, 11] , the Lagrangian of the QCD isospin-breaking interaction is equal to
where the current quark masses m u = 4 MeV and m d = 7 MeV are defined at the scale of the spontaneous breaking of chiral symmetry Λ χ ≃ 1 GeV [10] 2 . According to [2] , the main contribution of the QCD isospin-breaking interaction to the energy level displacement of the ground state of kaonic hydrogen should be defined by the elastic channel
, with theK 0 n pair off-mass shell 3 , and the inelastic channels
where Λ(1405) is the S-wave baryon resonance and η(550) → π 0 and Σ 0 ↔ Λ 0 are transitions, induced by the QCD isospin-breaking interaction Eq.(3.1) [11] .
The effective low-energy interactions of the S-wave baryon resonance Λ(1405), which we denote below as Λ 0 1 , with the Σ 0 π 0 , K − p,K 0 n, and Λ 0 η pairs read [2] :
where g 1 = 0.907. The coupling constant g 1 = 0.907 has been calculated in [2] using the experimental data on the width and mass of the Λ(1405)-resonance [18] .
Imaginary part of the S-wave amplitude of K
, corrected by the contributions of the QCD isospin-breaking interaction Eq.(3.1), are defined by [2] 
2 Following Gasser and Leutwyler [10, 11] , the values of the current quark masses m u = 4 MeV and m d = 7 MeV and m s = 135 MeV have been used in the Effective quark model with chiral U (3) × U (3) symmetry for the analysis of strong low-energy interactions [7, 8] . According to [7, 8] , the scale of spontaneous breaking of chiral symmetry is equal to Λ χ = 0.94 GeV. 3 The contribution of the intermediateK 0 n state with theK 0 n on-mass shell we have taken into account in Section 2.
where m Σ 0 2 = 1750 MeV is the mass of the Σ(1750) resonance and g 2 = 1.123 [2] . The coupling constant g 2 = 1.123 has been calculated in [2] using the experimental data on the width and mass of the Σ(1750)-resonance [18] .
The correction to the imaginary part of the S-wave amplitude of K − p scattering at threshold reads 5) where θ
ISB B
and θ
ISB M
are mixing angles defined by
Following Gasser and Leutwyler [11] , we set θ
Assuming that the η(550)-meson is the eighth component of the pseudoscalar octet [6] (see also [3] ), the matrix element η|[ū(0)u(0) −d(0)d(0)]|π 0 , calculated to leading order in chiral expansion of ChPT [6] (see also [8] ) and Current Algebra [19, 20] , is equal to 8) where
MeV 3 is the quark condensate, calculated at Λ χ = 940 MeV [7, 8] , and F π = 92.4 MeV, the PCAC constant [18] .
Substituting Eq.(3.8) into Eq.(3.7) we get (3.9) This result agrees well with that obtained by Gasser and Leutwyler within ChPT [11] (see Eq. (8.3) of Ref. [11] ): 10) calculated for m u = 4 MeV, m d = 7 MeV and m s = 135 MeV [10, 11] . We would like to emphasize that in QCD the product m= m q (µ)(µ) is an observable renormalization group invariant quantity, independent on the renormalization scale µ [21] . Therefore, the product (m d −m u ) ū(0)u(0) , calculated for the normalization scale µ equal to the scale of spontaneous breaking of chiral symmetry
3 , is observable.
Due to the relation Eq.(3.7) the r.h.s. of Eq.(3.4) can be transcribed into the form
Hence, the contribution of the QCD isospin-breaking interaction to the width of the energy level of the ground state of kaonic hydrogen is negligible with respect to the dispersive corrections, induced by the intermediateK 0 n state with theK 0 n pair on-mass shell.
Real part of the S-wave amplitude of K − p scattering at threshold
It is well-known that the mass differences of the K-mesons, (m 2K 0 −m 2 K − ) and the neutron and the proton (m n − m p ) are mainly defined by the contribution of the QCD isospinbreaking interaction Eq.(3.1) [11] (see [8] ). Following Meißner, Raha and Rusetsky [4] , we assume that the main contribution to the real part of the S-wave amplitude of K − p scattering at threshold comes from the intermediateK 0 n state with theK 0 n pair off-mass shell. Using the results, obtained in [2] , we get 12) where Re f
(0) = (− 0.482 ± 0.034) fm [2] and F .P. stands for the finite part of the integral over p.
Expanding the integrand in powers of (m
and (m n − m p ) and keeping only the leading terms we get
Hence, the contribution of the QCD isospin-breaking interaction to the shift of the energy level of the ground state of kaonic hydrogen is equal to (3.14) where we have set mK0 − m K = 3.972 MeV and m n − m p = 1.293 MeV [18] .
Conclusion
We have calculated the electromagnetic (the dispersive [9] ) and QCD isospin-breaking corrections to the energy level displacement of the ground state of kaonic hydrogen within the quantum field theoretic and relativistic covariant approach developed in [2, 3] and [12] - [15] . Within our approach we have confirmed the dominant role of the intermediateK 0 n state for the dispersive corrections to the energy level displacement of the ground state of kaonic hydrogen pointed out by Meißner, Raha and Rusetsky [4] .
We have found that the corrections to the shift and width of the energy level of the ground state of kaonic hydrogen, induced by the intermediateK 0 n state, are equal to (0.61 ± 0.04) % and (8.0 ± 1.0) %, respectively. The contribution (8.0 ± 1.0) % to the width agrees well with the correction of order 10 % predicted by Meißner, Raha and Rusetsky [4] , obtained within the non-relativistic Lagrangian approach based on ChPT by Gasser and Leutwyler [6] . The calculation of the correction, induced by the intermediateK 0 n state, we have carried out in the zero-effective range approximation rK N = 0. We have also shown that the contribution of the finite effective range rK N = 0 of low-energyKN scattering leads to the improvement of the agreement of our result with that obtained by Meißner, Raha and Rusetsky [4] . The corrections to the energy level displacement of the ground state of kaonic hydrogen, caused by the QCD isospin-breaking interaction, we have calculated equal to δ ISB = (0.04 %, − 0.04 %). The contribution of the QCD isospin-breaking interaction to the width we have defined in terms of the corrections to amplitudes of the inelastic channels
The correction to the shift of the energy level, caused by the QCD isospin-breaking interaction, we have determined following Meißner, Raha and Rusetsky [4] and assuming the dominant contribution of the intermediateK 0 n state with theK 0 n pair off-mass shell. Taking into account the corrections Eq. The theoretical width fits well the mean value of the the experimental data Eq.(1.1).
The discrepancy between the theoretical value of the shift and the mean value of the experimental data Eq.(1.1) can be improved by taking into account the contribution of the σ (I=1) KN (0)-term. It reads [14] :
Here J 4±i5 50 (x) are time-components of the axial-vector hadronic currents J 4±i5 5µ (x), changing strangeness |∆S| = 1, F K = 113 MeV is the PCAC constant of the K-meson [18] and σ (I=1) KN (0)-term is defined by [22] - [26] 
where u(0) and s(0) are operators of the interpolating fields of u and s current quarks [21] . Taking into account the contribution δǫ [24, 25] . Hence, the contribution of σ 
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